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Neural Network Approach for Nonlinear Aeroelastic Analysis

Ovidiu Voitcu¤ and Yau Shu Wong†

University of Alberta, Edmonton, Alberta T6G 2G1, Canada

A new approach is proposed, based on the use of arti� cial neural networks, for predicting nonlinear aeroelastic
oscillations. Our objective is to reconstruct the asymptotic state of the nonlinear behavior of an aeroelastic model
when only a limited segment of the transient data is known. An original neural network architecture is proposed
and is used to predict the nonlinearmotionsof an aeroelastic system modeling a self-excited two-degree-of-freedom
airfoil oscillating in pitch and plunge. When a segment of the transient state of the given signal is used for training,
the neuralnetwork is capableof correctly predicting the corresponding limit-cycleoscillations,dampedoscillations,
or unstable divergent oscillations. The network training set consists of numerically generated data or data obtained
from a wind-tunnel experiment. A neural network used in conjunction with a wavelet decomposition is presented,
which proves to be capable of extracting the values of the damping coef� cients and frequencies from the predicted
signal. Neural networks, thus, prove to be useful tools in nonlinear aeroelastic analysis.

Nomenclature
E.w/ = mean-squared one-step prediction error

(performance index)
Qew.t/ = current one-step prediction error, s.t/ ¡ Qyw.t/
Oew.t/ = current multistep prediction error, s.t/ ¡ Oyw.t/
f1, f2 = transfer function of the � rst and second layer,

respectively
n1 = number of neurons in the � rst layer of a neural

network
s.t/ = current observation of the given time series
s.t0 C 1/; s.t1/ = � rst and last training value, respectively
s.t1 C 1/; s.t2/ = � rst and last value to be predicted, respectively
s p.t/ = vector [s.t ¡ 1/; : : : ; s.t ¡ p/]T

t = current time step
v1

1.t/ = net input of the � rst layer
w = vector of all weights of a neural network
w j = generic weight of a neural network
w1

k;h; w2
1;k = neural network weights of the � rst and second

layer, respectively
Qyw.t/ = current one-step prediction,

8w[s.t ¡ 1/; : : : ; s.t ¡ p/]
Oyw.t/ = current multistep prediction,

8w[ Oyw.t ¡ 1/; : : : ; Oyw.t ¡ p/]
Oy.w/ = vector [ Oyw.t1 C 1/; : : : ; Oyw.t2/]T

y1
1 .t/; y2

1.t/ = current output of the � rst and second layer,
respectively

z¡1 = one-step delay operator
k ¢ k = Euclidean norm

Introduction

I N recent years, considerable research has been focused on non-
linear aeroelasticanalysis,1 a research � eld with great impact on

safe aircraft design.An important problemwhen designinga � ghter
aircraft is the prediction of nonlinear oscillations in the aeroelas-
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tic response. Of special interest are the oscillations with increasing
amplitude,which eventually lead to structural failure, and the limit-
cycle oscillations (LCO), which may cause structural fatigue and
may impair the pilot’s ability to perform the combat mission. A
particular area in need of development is the prediction of LCO.
Many methods have been proposed for predicting the oscillation
frequency, but they fail to predict the onset or the amplitude of the
LCO.2;3

A common approach in the study of nonlinear aeroelasticity is
to construct a mathematical model and to solve the resulting differ-
ential system by numerical or analytical methods.1 However, this
approach could be computationallyexpensive and can only be used
when all system parameters are known. Moreover, numerical re-
sults may not be reliable in some applications due to the instability
of the discretization algorithm or to the failure to capture essential
features of the physical process modeled.4 Moreover, when per-
forming ground vibration or � ight tests, only information about the
nonlinear response of an aircraft to a given excitation input is avail-
able. Hence, it is necessary to develop a prediction techniquebased
only on the known response data.

The objective of our present work is to predict a long-term be-
havior of a nonlinear response of an aeroelastic model when only
a limited segment of the response data is available. The ability to
predict the asymptotic response based on the limited informationof
a given initial dynamics, such as data obtained from experiments,
� ight test, or numerical simulation, could be important in practi-
cal applications. For instance, an engineer who wishes to design a
stable system can apply certain control laws if he knows that the
system response will be leading to an unstable oscillation. Once
a long-term prediction is performed, it would be useful to extract
important features of the nonlinear dynamics, such as the damping
ratios and modal frequencies.

In this paper, a new approach based on the use of arti� cial neural
networks (ANNs) for predicting nonlinear aeroelastic oscillations
is proposed. ANNs are systems of interconnected simple elements
(arti� cial neurons) that perform parallel processingof a set of input
data, resulting in a set of output values. The arrangementof neurons
and the connectionstrengths (weights) provide the neural networks
with the ability to approximate highly nonlinear relationships be-
tween a set of input parameters and a set of output parameters to
any desired accuracy.5;6 Therefore, ANNs are capable of dealing
with problems that are dif� cult to solve by classical mathematical
or computational methods.

ANNs have recently been used in applications such as damage
detection,7 aerodynamicdesign,8 estimationof air-dataparameters,9

detection of air-frame ice based on the dynamic response of the air-
craft to known elevator inputs,10 estimationof the strain on the verti-
cal tail structure as a function of the lateral and normal acceleration
measured on several points on the empennage during various � ight
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maneuvers,11 etc. Because of their universal approximation prop-
erty, neural networks have been widely used for system identi� ca-
tionandadaptivecontrol.This makesANNs particularlyattractivein
� ight control problems.12 Applications in helicopter stabilization,13

adaptive control of antiair missiles,14 and active control of aeroe-
lastic response,15 including active � utter suppression,16 have been
reported.

The idea of using neural networks to predict the asymptotic be-
havior of a nonlinear dynamics is quite new. Denegri and Johnson3

proposed a three-layer ANN to provide the frequency and ampli-
tude of the LCOs of an aircraft wing when given the Mach number
of the desired � ight condition, a coding of the store carriage con-
� guration and the values of some parameters resulted from linear
� utter analysis.In this paperwe proposea differentapproach,which
extends earlier work.17 An original ANN architecture is developed,
and the transient data of the aeroelastic response are used to com-
pute the values of the connection weights by applying a nonlinear
optimization algorithm. The developed neural network is then used
to construct a long-term nonlinear trajectory by a multistep predic-
tion process. Namely, the values predicted by the ANN are used as
network inputs to generate subsequent predictions. The proposed
ANN architecturehas important features that control the stabilityof
the nonlinear optimization process and the error propagation in the
multistep prediction process. The frequencies and dampings of the
predicted signal can subsequentlybe extracted by using a different
neural network. The proposedmethod was tested on both simulated
data resulted from an aeroelastic model and experimental data, but
the ANN does not require any speci� c information about the aeroe-
lastic system being considered.Moreover, to our knowledge,neural
networks have not been reported so far to perform long-term mul-
tistep prediction of nonlinear dynamics. However, some references
can be found in applyingANN for one-steppredictionand for short-
term multistep prediction.18;19

Nonlinear Dynamic Prediction
Assuming we know a set of consecutive terms of a time se-

ries s.1/; : : : ; s.t1/, we are interested in predicting the future val-
ues s.t1 C 1/; : : : ; s.t2/, for some t2 > t1 . The usual approach is
to search for a nonlinear recurrence relation that is satis� ed in
an approximative manner by a segment of the known data points:
s.t/ D 8[s p.t/] C Qe.t/. The nonlinear mapping 8 and the order p
of the recurrence have to be determined such that the preceding
relation holds for t D t0 C 1; : : : ; t1 (for some t0). The predicted
values for the unknown terms can then be generated by one
of the formulas Qy.t/ D 8[s.t ¡ 1/; : : : ; s.t ¡ p/] (one-step predic-
tion), or Oy.t/ D 8[ Oy.t ¡ 1/; : : : ; Oy.t ¡ p/] [multistep prediction,or
recursive prediction, where Oy.t/

defD s.t/ for t D t0 C 1; : : : ; t1].
Clearly, the � rst formula can only be used if the correct values
s.t ¡ 1/; : : : ; s.t ¡ p/ are known before the moment t . In this pa-
per, we are interested in the latter type of prediction, assuming that
only a limited transient data set is known and that the subsequent
values never become available through measurement or computa-
tions.Findingthemapping8 out of an enormousnumberof possible
choices is an extremely dif� cult task. We propose to search for 8
among the mappings that de� ne the output of an ANN as a function
of its inputs.

ANNs
An ANN is a set of interconnectedsimpleprocessingelements(ar-

ti� cial neurons), each receiving several numbers (real or complex)
as inputs and generating a single number as output. The network
is usually composed of successive layers of neurons, such that the
outputs of all neurons in each layer are provided as inputs to each
neuron in the next layer. The inputs to all neurons in the � rst layer
form the network input,whereas the outputs of all neuronsin the last
layer (the output layer) form the network output. The interneuron
connectionstrengths (weights) are numbers that can be determined
by learning from a set of examples of correct network outputs to
given inputs.

We will search for the mapping 8 among the nonlinearmappings
8w that express the dependence of the output of an ANN on the
p network inputs. The form of 8w depends on the chosen network

architecture. In the next section, we will illustrate how an ANN
architecturecan be designed to perform our speci� c task. The ANN
output also depends on the values of the network weights w.

After choosing a speci� c neural network architecture and a cer-
tain value for p, acceptable values for the network weights have to
be determinedsuch that the networkcan successfullypredict the un-
known values s.t1 C 1/; : : : ; s.t2/. A common approachis to choose
the vector w that minimizes the mean-squared one-step prediction
error (the performance index)

E.w/ D
t1X

t D t0 C 1

[Qew.t/]2

.t1 ¡ t0/

The process of minimization of E .w/ is called a network training
and can be achieved by applying a nonlinear optimization method
such as the conjugate gradient algorithm, variations of Newton’s
method, etc.

In our experiments, the ANN weights are � rst initialized with
small random values. Then, at each iteration, a sweep of the training
data set is performed and gnew D rE.wold/ is computed using the
current weight vector wold. The current search direction is set to
be pnew D ¡gnew C [kgnewk=kgoldk]2pold according to the conjugate
gradient method. The weights are then updated according to the
formula wnew D wold C ®wpnew , where ®w is the learning rate. The
search direction is set to pnew D ¡gnew at the beginning of training
and after every 20 iterations, to accelerate the convergence of the
conjugate gradient method.

At each training step, ®w was multiplied by ³w D 1:1 if
E.wnew/ < E.wold/ and dividedby ³w otherwise.For ®w not to decay
to zero, a constant lower bound O®w for ®w was set to 0.001. At the
beginningof training ®w was set to O®w . To avoid a heavy oscillatory
behaviorof the learningrate, an adaptiveupperbound®¤

w for ®w was
initially set to 10.0. Then, whenever ®w decreased, ®¤

w was divided
by ³ ¤

w D 1:001, otherwise it remained unchanged. As a result, both
®w and ®¤

w eventually stabilized at the same value ®0
w .

Proposed ANN Architecture and Training Algorithm
Based on the result reported by Cybenko,5 the mapping 8 just

mentioned can be approximated to any desired accuracy by the out-
put y2

1.t/ D 8w[s p.t/] of a two-layer feedforward ANN as shown in
Fig. 1:

y2
1.t/ D f2

(

w2
1;0 C

n1X

k D 1

w2
1;k f1

£
v1

1.t/
¤
)

(1)

where f1.v/ D tanh.v/ and f2.v/ D v, provided that the number n1

of neurons in the � rst layer (hidden layer) is suf� ciently large. Note
that the biases w1

k;0 and w2
1;0 are particular weights corresponding

to constant inputs equal to one. Moreover,

v1
1.t/ D w1

k;0 C
pX

h D 1

w1
k;hs.t ¡ h/ (2)

denotes the net input of the � rst layer. Trying to implement this in
a straightforward manner leads to a poor prediction performance
because the linear transfer function in the output layer usually leads
to a strong error propagation in a multistep prediction process. The
approachproposedis to build the function8w startingwith a simple
form and then to cautiously evolve toward more complex forms.

Fig. 1 Two-layer feedforward network.
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First de� ne 8w as the output of a two-layer feedforwardnetwork
as illustrated in Fig. 1:

8w[s p.t/] D y2
1 .t/ D w2

1;1 tanh
£
v1

1.t/
¤

(3)

with n1 D 1, w2
1;0 D 0, f 1.v/ D tanh.v/, and f 2.v/ D v. The nonlin-

earity of the mapping 8w is given by tanh.¢/, and w2
1;1 performs a

scaling of the network output.
Note that, when the values s.t0 C 1/; : : : ; s.t1/ are large, w2

1;1
will likely become large during the network training process. Con-
sequently, large values for the derivatives

@ Qyw.t/

@w1
1;h

D w2
1;1

©
1 ¡ tanh2

£
v1

1.t/
¤ª

s.t ¡ h/ (4)

result.Subsequently,the gradientof the performanceindexwill also
be large, and this may cause destabilizationof the training process.

Moreover, it can be shown that for t ¸ t1 C 1 the multistep pre-
diction errors can be bounded as follows:

jOew.t/j · .1 C w1/t ¡ t1 ¡ 1[Qe1.t/ C w1 Oe1.p/] (5)

where w1
defD jw2

1;1j maxfjw1
1;h jI 1 · h · pg, Qe1.t/

defD maxfj Qew.¿ /j;
t1 C 1 · ¿ · tg, and

Oe1.p/
defD

pX

h D 1

jOew.t1 ¡ h C 1/j

It has been noticed experimentally that if E.w/ is small then the
one-step predictionerrors Qew.t/ for t ¸ t1 C 1 and the multistep pre-
diction errors Oew.t1 ¡ h C 1/ correspondingto the trainingpointsare
also small. Hence, to control the magnitude of the multistep predic-
tion errors, it is desirable to have a small value for w1. Therefore
we propose to modify 8w as follows:

8w[s p.t/] D .c/2 tanh
©£

±0

¯
.c/2

¤
v1

1.t/
ª

(6)

where ±0 D 0:1 is a constant that sets an upper bound for the
derivatives:

@ Qyw.t/

@w1
1;h

D ±0

©
1 ¡ tanh2

£
v1

1.t/
¤ª

s.t ¡ h/ (7)

In Eq. (6), c appears as squared to keep the scaling parameter
positive throughout network training. The error propagation is
now diminished because bound (5) now holds with a smaller
w1 D ±0 maxfjw1

1;h jI 1 · h · pg. In our experiments,c was initially
set to the square root of the amplitude of the training data, which
had been scaled to mean value close to zero. It can be veri� ed that
c varies slowly during the training process.

In practice, we may have to perform a long-term prediction of
two trajectories that have similar transient states but totally differ-
ent asymptotic states. To provide a better � t of the time series, an
additional term is introducedin Eq. (6), obtaining the formula of the
output y2

1 .t/ D 8t
w[sp.t/] of a two-layer recurrentnetwork as shown

in Fig. 2:

y2
1 .t/ D f2

c

©
w2

1;0 C w2
1;1f

¡2
b

£
y2

1.t ¡ 1/
¤
y1

1 .t/
ª

(8)

where y1
1.t/ D f1[v1

1.t/] and the transfer functions are f2
c .v/ D

.c/2 tanhf±0v=.c/2g, f¡2
b .v/ D expf¡.b/2.v/2g, and f1.v/ D v. The

parameters of the ANN are now contained in the vector

Fig. 2 Proposed neural network architecture.

w D [b; c; w1
1;0; : : : ; w1

1;p ; w2
1;0; w2

1;1]
T . The networknow has a feed-

back connection,in the sense that the output y2
1.t ¡ 1/ D z¡1fy2

1 .t/g
at the previous moment t ¡ 1 becomes one of the network inputs at
the current moment t. In this case, the mapping 8 actually depends
on time.

The introduction of the term expf¡.b/2[y1
1 .t ¡ 1/]2g was sug-

gested by the work of Ozaki,20 who showed that the amplitude-
dependent exponential autoregressive (EXPAR) time series model

y.t/ D
pX

h D 1

¡
Áh C ¼h expf¡° [y.t ¡ 1/]2g

¢
y.t ¡ h/ C Oe.t/ (9)

is capable of capturing complex nonlinear phenomena such as the
amplitude-dependentfrequency, the jump phenomena,and the limit
cycles. The model was actually extended21 by replacing the coef-
� cients ¼h by Hermite-type polynomials in y.t ¡ 1/. Here, ° is a
positive scaling factor; therefore, we replaced it by a squared term
.b/2 in our neural network. The initial value for b was set to 0.1, but
any other small nonzero value could be chosen.The EXPAR model
has been used for aeroelasticresponse prediction22 in the context of
statistical time series analysis. In the present paper, we are enrich-
ing an ANN architecture with features of the EXPAR time series
model, and we will estimate the parameters of the ANN predictor
using neuralnetwork trainingmethods.The term f¡2

b [y2
1.t ¡ 1/] also

reduces the multistep prediction error propagation by reducing the
sensitivity of the network output with respect to the inputs. The pa-
rameter b eventually vanishes when the ANN is trained to predict a
divergent oscillation because the damping effect introduced by the
recurrent term tends to impair the prediction accuracy in this case.

The conjugate gradient algorithm was applied to minimize the
performance index as discussed in the preceding section. The gra-
dient of the performance index

r E.w/ D ¡2
t1X

t D t0 C 1

Qew.t/r Qyw.t/

was computed using the real time recurrent learning algorithm23:

@y2
1 .t/

@w j
D

±y2
1 .t/

±w j
C

±y2
1 .t/

±y2
1 .t ¡ 1/

¢
@y2

1 .t ¡ 1/

@w j
(10)

where ±y2
1 .t/=±w j and ±y2

1 .t/=±y2
1.t ¡ 1/ are the derivatives of

y2
1 .t/ regarded as a function of b; c; w1

1;0; : : : ; w1
1;p ; w2

1;0; w2
1;1, and

y2
1 .t ¡ 1/ as independentvariables. We de� ned y2

1 .t0/
defD s.t0/ at the

beginning of each sweep of the training data set and y2
1 .t1/

defD s.t1/
in the testing phase, before predicting s.t1 C 1/; : : : ; s.t2/. Here,
r y2

1.t0/ was initialized by zero, and at the beginning of each new
sweep of the training data points, it was set to the corresponding
r y2

1.t1/ computed from the previous sweep.

Validation
In general, the neural network training is terminated when

the value of the performance index reaches a prescribed threshold
value µE . Once the training is completed, the main issue is to in-
vestigate whether Oyw.t1 C 1/; : : : ; Oyw.t2/ provide a good prediction
for the unknown values s.t1 C 1/; : : : ; s.t2/. In time series analysis,
it is common to divide the known data into two groups. The � rst
segment is used as training set for the neural network, whereas the
second segment is used for validation, in which the distribution of
the prediction errors over this set is analyzed. However, there is no
rigorous statistical approach to a multistep prediction process, and
so it is not clearwhether thedistributionof the errorsover the valida-
tion set is relevant.In addition,the successof a short-termprediction
may not guarantee a good long-term prediction performanceof the
neural network. The asymptotic state of the signal may be correctly
reconstructedevenwhen the validationset is not correctlypredicted.
Moreover, there is no clear way to choose correctly the threshold
value µE . If µE is too large, the training is insuf� cient. However, if it
is too small, the over� tting phenomenonoccurs, namely, the neural
network starts to learn irrelevant particular features of the training
data set.
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In our present studies, the following approach was used as both
a stopping criterion and a validation method. At each training step,
after the weight update, the vector Oy.wnew/ was generated, and the
distance½new defD kOy.wnew/ ¡ Oy.wold/k=

p
.t2 ¡ t1/ was computed,pro-

viding a measure of the variation in the ANN response caused by
the current weight update. Because the values of ½new may oscillate
during training, a new distance N½new was de� ned by taking the aver-
age value of ½new over the last 100 iterations. When N½new becomes
small and stays small over many training iterations, it means that
the sequence generated by the proposed neural network by a mul-
tistep prediction remains practically unchanged despite the weight
updates.At this point, the network trainingwas stoppedand Oy.wnew/
was accepted as the solution of the prediction problem.

Case Studies
The proposed neural network shown in Fig. 2 and the training

algorithm have been implemented using CCC programming. In
this section, illustrative examples applied to nonlinear aeroelastic
systems are presented.

Nonlinear Prediction
To testourproposednonlinearpredictorforpracticalapplications,

we � rst consider the data sets generated by a numerical simulation
for an aeroelastic model with structural nonlinearities. The gov-
erning equations for a self-excited two-degree-of-freedom airfoil
oscillating in pitch and plunge can be expressed as1

» 00 C x® ®00 C 2³» . Q!=U ¤/» 0 C . Q!=U ¤/2G.» /

D ¡[1=.¼¹/]CL.¿ / (11)
¡
x®

¯
r 2

®

¢
» 00 C ®00 C 2.³®=U ¤/® 0 C [1=.U ¤/2]M.®/

D
£
2
¯¡

¼¹r 2
®

¢¤
CM .¿/ (12)

where » is the plunging displacement, ® is the pitch angle about
the elastic axis, G.» / and M .®/ are the nonlinear plunge and pitch
stiffness terms, respectively, and CL.¿ / and CM .¿ / are the lift and
moment coef� cients due to aerodynamicforces.The structuralnon-
linearities are representedby G.» / and M.®/. In the case of a cubic
spring, M .®/ is a third-degree polynomial, whereas for a freeplay
model, M.®/ is a continuous piecewise linear function with two
switchingpoints. Similar expressionsfor G.» / can be de� ned. Note
that ¿ is the nondimensional time, de� ned as in Ref. 1.

In this paper, the system parameters are chosen such that the
resulting aeroelastic response, numerically generated by using a
fourth-order Runge–Kutta time integration scheme4 with respect
to ¿ , corresponds to a LCO (test cases 1–4), damped oscillation
(case 5), or divergent oscillation (case 6). The signals considered
for testing the proposed neural network predictor represent the time
history of the pitch motion for the preceding aeroelastic system in
these cases. The time step 1¿ used in the Runge–Kutta scheme had
the following values: 0.863 (case 1), 0.3 (case 5), and 3.0 (case 6).
The signal for case 3 is composed by choosing each second dis-
crete point generated by applying the Runge–Kutta method with
1¿ D 0:5. The known transient data set was scaled into .¡1; C1/
in all cases. In test cases 1, 2, and 5, cubic stiffness terms were
imposed in both the pitch and plunge degrees of freedom, whereas
in test cases 3, 4, and 6, the structuralnonlinearity is representedby
a freeplay model in the pitch degree of freedom and a linear spring
in the plunge degree of freedom. In test cases 2 and 4, the simu-
lated pitch motion correspondingto test cases 1 and 3, respectively,
was contaminatedwith a normal additive noise with zero mean and
signal-to-noiseratio equal to 5. In Figs. 3–5 for test cases 1–6, the
x axis represents the discrete time and the y axis represents the
amplitude of the scaled pitch motion. The two vertical lines mark
the time moments t0 and t1 , indicating the training data used by the
ANN. The continuous line represents the simulated pitch motion,
and the dashed line represents the neural network prediction. For
each case, the values of p (the number of ANN inputs), t0 , t1, the
number of network training iterations Itr performed, and the train-
ing time Ttr (in seconds), achieved on a Sun workstation, Ultra-10
model, are reported in Table 1.

Table 1 Some ANN parameters and training statistics

Test case

Parameter 1 2 3 4 5 6 7 8

p 50 50 50 50 50 200 20 20
t0 50 50 50 50 50 200 195 195
t1 273 325 282 323 100 250 300 300
Itr 1317 2000 2220 1000 1100 1000 7000 4000
Ttr 69 108 116 54 48 75 264 153

Fig. 3 a) Test case 1: – – – , ANN prediction and ——, pitch motion and
b) test case 2: – – –, ANN prediction and ——, noisy pitch motion.

Fig. 4 a) Test case 3: – – – , ANN prediction and ——, pitch motion and
b) test case 4: – – –, ANN prediction and ——, noisy pitch motion.

Fig. 5 a) Test case 5: – – – , ANN prediction and ——, pitch motion and
b) test case 6: – – –, ANN prediction and ——, pitch motion.

As shown in Figs. 3–5, the neural network predictor reconstructs
the LCOs, damped oscillations, or divergent oscillations success-
fully in each case. It is noticed that the prediction accuracy slightly
deteriorates over the long term due to the error propagation.When
the signals are contaminated with noise, more training points are
needed,but theneuralnetworkpredictionis notdramaticallyaltered.
The phase error becomes noticeable for a long-term prediction (as
in test case 2), or some features of the corresponding limit cycle
may be lost (as in test case 4), but the amplitude and frequency of
the LCOs are almost the same as in the corresponding noise-free
cases. One of the attractive features of the proposed technique is
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Fig. 6 a) Test case 7: – – –, ANN prediction and ——, pitch motion and b) test case 8: – – –, ANN prediction and ——, plunge motion.

that neural networks are capable of dealing directly with data cor-
rupted by noise. The prediction performance may be improved if
a preprocessing phase is introduced to � rst � lter the noisy data set
before it is used for neural network training.

Unlike the simulated data for test cases 1–6, the signals in test
cases 7 and 8 representexperimentaldata recorded in a wind-tunnel
experiment reportedby Ko et al.24;25 The data are availableonline at
http://aerounix.tamu.edu/aeroel/, and the details of the experiment
are described in Refs. 24 and 25. In Fig. 6, results for test cases 7
and 8 are presented, where the continuous line represents the time
historyof thepitchand plungemotionof an airfoil,respectively.The
displayed signals were obtained by consecutively choosing every
10thpointof the signals in the � le DN04J.DAT (which were sampled
every 0.0019 s). The ANN prediction, represented by the dashed
line, is in very goodagreementwith the originalsignal in both cases.
The training statistics and other parameters are reported, similarly
to test cases 1–6, in Table 1.

Nonlinear time series models and unscented Kalman � lters have
also recently been proposed for aeroelastic response predictions.
The prediction results using these nonlinear statistical methods ap-
plied to the present case studies22 are comparable to the ANN pre-
dictions reported in this section.

Feature Extraction
In addition to performing nonlinear dynamic predictions, neu-

ral networks can be trained to extract important features from
the nonlinear aeroelastic response. Wong et al.26 proposed a com-
bined wavelet–neural networks model for extracting damping co-
ef� cients and modal frequency values of simulated � utter sig-
nals. Suppose we are given a transient segment Ns.t/, such as
the 50 data points delimited by the vertical line in Fig. 7, sam-
pled with a step of 1/128 from a signal s.t/ D s1.t/ C s2.t/, where
s j .t/ D A j exp.¡a j t/ sin. f j t C Á j /, j D 1; 2, with A1 D A2 D 1,
Á1 D Á2 D 0, a1 D 0:7, a2 D 0:5, f1 D 12¼ , and f2 D 8¼ . Clearly, it
is dif� cult to extract the corresponding damping coef� cients and
frequency values directly from such a short transient data set. In
Fig. 8, we present a wavelet–neural network model that can ef� -
ciently estimate the values of a1 , a2 , f1 , and f2 when the transient
signal Ns.t/ is provided. First, a neural network as discussed in the
preceding section is trained using Ns.t/ and subsequently predicts
a long-term nonlinear behavior s.t/ (displayed in Fig. 7). Then,
s.t/ is fed into a wavelet decomposition module, where the two-
mode signal is decomposed into two single-mode signals, s1.t/ and
s2.t/. The details are described in Ref. 26. A simple way to esti-
mate the damping a and frequency f for a single-mode signal is to
train a two-layerfeedforwardneuralnetworkwith transferfunctions
f 1.v/ D 1=.1 C e¡v/ and f 2.v/ D v to recognize the damping coef-
� cients of damped sine waves e¡at sin. f t/ for .a; f / in some � xed
bounded set [ai ; a f ] £ [ fi ; f f ]. Then, given an arbitrary damped
sine wave, its frequency f can be easily determined by using the
fast Fourier transform. If it is found that f 2 [ fi ; f f ], then f and a
sampling of the sine wave are provided as the neural network input.
The correspondingnetwork output will provide an estimate for a.

In our experiments, a set of 100 training pairs and 100 testing
pairs .a; f /, uniformlydistributedin [0:1; 4:1] £ [3:0; 9:0], were si-
multaneouslygenerated.The damped sine wave e¡at sin. f t/, t ¸ 0,
correspondingto each pair was sampledwith step 1t D ¼=128, gen-
erating 512 discrete points in each case. The two-layer ANN was
trained to output an estimated value for the damping coef� cient a

Fig. 7 Simulated two-mode signal.

Fig. 8 Wavelet–neural networks model for feature extraction.

Fig.9 Relative errors for ANN dampingextraction: , using 513 inputs
and ££, using 9 inputs.

when receivingas inputs the value of f and the 512 sample pointsof
the given single-modesignal.Let y denote the estimate for a, that is,
the ANN output value. Thus, the ANN had 513 inputs and one out-
put. In the network implementation, three neurons were used in the
� rst layer.The accuracyof the estimated value for a was reportedby
the relativeoutputerror j.a ¡ y/=aj. The network trainingconsisted
in applying the conjugategradient algorithmto minimize the mean-
squared relativeoutput error over the 100 training patterns (the per-
formance index E R) as a functionof the 1546 network weights. The
training was stopped when

p
ER < 0:015. In the testing phase, the

set of 100 testing pairs .a; f / was used to generate the 513 ANN
inputs as described, and the relative output error j.a ¡ y/=aj was
computed in each case.

The stopping criterion was reached after 1422 iterations (4 h
on a Sun workstation, Ultra-10 model). Even though the network
gave responses within 5% accuracy for all training data, 12% of
the network responses in the testing phase were associated with
large errors in the range of over 5–30% (see Fig. 9). To achieve
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a better testing performance, the training must be continued untilp
E R ¿ 0:015.
We now propose a more ef� cient procedure for estimating a,

in which the network inputs consist of the value of f and the
� rst eight successive local maximum and minimum values of the
corresponding signal. The neural network now has only 9 inputs,
3 neurons in the � rst layer, and 1 output, and this reduces the
number of weights to 34. Providing the value of f to the ANN
is essential because the local maximum and minimum values alone
.¡1/k ´ expf[k¼ ¡ arctan.´/]=´g=

p
.1 C ´2/ (for k integer)only de-

termine the quotient ´ D f=a.
In this case, thenetworktrainingstoppedafter1440iterations,and

the outputerrors for the trainingset were all within 5%. The training
process took only 7 min in this case, and more accurate estimates
for the damping values were obtained. As shown in Fig. 9, 98% of
the estimates were within 5% accuracyand only 2% had error in the
range of 10–15%. The result represents a signi� cant improvement
in both trainingtime and outputaccuracy.To obtainall testingerrors
within 5%, additional training is required.

Clearly, the present wavelet–neural network approach can be ex-
tendedtoa more complexsignalconsistingofn decayingsinewaves.

Discussion
Even though in the present paper we are investigating the use of

ANNs for forecasting aeroelastic signals, this approach can be ap-
plied to perform a long-term prediction of a trajectory of a general
nonlinear dynamic system. Because of the universal approximation
property of ANNs, system identi� cation (and, hence, one-step pre-
diction) can be easily performed in that case by a two-layer feedfor-
ward ANN with suf� cient hidden neurons, provided that suf� cient
training data points are available. However, given a short transient
segment of a trajectory, to provide an accurate long-term multistep
prediction we need to do more than a successful system identi� ca-
tion; namely, we need to determine a model of the system that is
not very sensitive to variations in its inputs. For instance, Volterra
kernels have also been successfullyused to model nonlinear input–
output relationships(see Ref. 27). However, they cannot be used to
perform a multistep prediction of the system behavior due to the
polynomial input–output relationship, which causes the prediction
error to increase rapidly when the actual inputs are replaced by pre-
dictedvalues.The approachwe proposedin this paperhas taken into
considerationthe dif� culty due to error propagation,and a modi� ed
ANN architecture is proposed, with features that make the output
less sensitive to the network inputs.

It has been shown that the proposed neural network is capable
of predicting LCOs, as well as damped and divergent oscillations.
In addition, it has been observed that, in the case of signals that
exhibit chaotic behavior, the training of the developed ANN cannot
be successfullycompleted because the distance N½new de� ned earlier
does not stabilize to a small value. Hence, the proposed method
is also capable of predicting the occurrence of chaos. Therefore, it
should be able to detect bifurcationphenomena in a given nonlinear
system if suf� cient transient data sets from system trajectories are
given.

It would also be interesting to investigate the possible use of
the developed ANN predictor for active � utter suppression. Neu-
ral networks have lately been used for that purpose.15;16 Designing
ANN controllers has not been the object of our investigation be-
cause we assumed that the actual system outputs beyond a certain
time moment t1 are never known, but one could consider using the
constructed neural network predictor for adaptive prediction of the
aeroelastic response as follows. If T is the time necessary to retrain
the ANN using the last m consecutive system outputs sampled at a
rate 1t and to generatea long-termpredictedsystem behavior,then,
roughly speaking, at every time moment nT the ANN could be re-
trained, and an updated long-term prediction could be constructed.
Proceeding as described, the occurrence of � utter or LCOs could
be predicted, and some damping mechanisms could be initiated to
prevent structural failure.

Our damping extractionmethod is an alternative approach to the
one proposed by Johnson et al.,28 who applied the discrete wavelet
transform on both the given signal and a dictionary of so-called

singlet functions and performed correlation � ltering to determine
which singlet function best approximates the frequency and damp-
ing characteristicsof the given signal at a speci� c point in time. In
our case, a dictionary of ANNs trained to output the damping of a
single-mode signal for different frequency intervals could be built
and used together with wavelet decomposition to provide real-time
estimates of damping coef� cients.

Conclusions
Accurate and reliable predictions of nonlinear oscillations in dy-

namic systems are important in many science and engineering ap-
plications. The goal of this paper is to develop ANNs for nonlinear
aeroelastic response predictions.An original neural network archi-
tecture and a corresponding training algorithm are proposed, and
it has been demonstrated that the network is capable of providing
accurate predictions for nonlinear aeroelastic responses.A new ap-
proach for extracting the damping coef� cient from a single-mode
signal is also proposed, which greatly reduces the training time of
the neural network and provides an improved accuracy. The pro-
posed neural networks appear to be robust in the presence of noise.
Various sampling rates were used to generate the network train-
ing data, and it has been demonstrated that the ANN is reliable
in all cases.

The accuracy of an ANN prediction might be further improved
if we could � nd a way to incorporate in the neural network design
speci� c information about the class of problems that we are trying
to solve. Even though more work is required to further improve the
performanceof the developedmethods, we can concludethat ANNs
could be useful tools in nonlinear aeroelastic analysis.
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